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Active Control of Fan-Generated Tone Noise

Carl H. Gerhold¤
NASA Langley Research Center, Hampton, Virginia 23681

An experiment to control the noise radiated from the inlet of a ducted fan using a time domain active adaptive

system is reported on. The control sound source consists of loudspeakers arranged in a ring around the fan duct.
The error sensor location is in the fan duct. The purpose of this experiment is to demonstrate that the in-duct

error sensor reduces the mode spillover in the far ® eld, thereby increasing the ef® ciency of the control system. The
control system is found to reduce the blade passage frequency tone signi® cantly in the acoustic far ® eld when the

mode orders of the noise source and of the control source are the same, when the dominant wave in the duct is
a plane wave. The presence of higher-order modes in the duct reduces the noise reduction ef® ciency, particularly

near the mode cut on where the standing wave component is strong, but the control system converges stably. The
control system is also found to be stableand convergent when the ® rst circumferential mode is generated in the duct

both by the fan and by the control source. The control system is found to reduce the fan noise in the far ® eld on an
arc around the fan inlet by as much as 20 dB with none of the sound ampli® cation associated with mode spillover.

Introduction

T HE emergence of the ultra-high bypass ratio engine on aircraft
in the 21st century is expected to pose new and signi® cant chal-

lenges to the noise control engineers. The dominant engine noise
source will shift from the jet to the fan. The blade tip speed will
be subsonic or transonic so that the fan noise will have high tonal
content at harmonics of the blade passage frequency and the fun-
damental tone will be at a frequency less than 1000 Hz. To provide
suf® cient thrust, the engine diameter will be on the order of 3.66 m
(12 ft); in fact, engine size will be limited by considerationssuch as
space available under the wing and allowable landing gear length.
Weight is a signi® cant parameter in the design of the power plant,
and to minimize the weight of the large diameter nacelle, it will be
as short and as thin as possible. The relatively low blade passage
frequency would necessitate thick bulk liner treatment, which is
extensive in the axial direction, while thickness and length restric-
tions limit the amount of passivenoise control treatment that can be
applied.

The con¯ icting goals of minimum weight and maximum noise
reduction can be aided materially by active noise control. Active
noisecontrolis well suitedfor applicationsin whicha low-frequency
noise source limits the utility of passive control methods.1 An active
noise control systemcan providesigni® cant noise reductionwithout
excessiveweightpenalty,and researchis continuingondevelopment
of lightweight, ef® cient control sound sources.2

Noise in ducts has long been consideredan attractive application
of active noise cancellationbecause the duct serves as a waveguide
both to the source noise and to the control sound. Lueg3 was is-
sued a patent in the mid-1930s for control of sound in a long duct
using a system that consists of a reference microphone to measure
the noise to be controlled; a source for the control sound, which
is equal in amplitude but opposite in phase with the noise at that
point; and a processor that delays to adjust for propagationfrom the
measurement microphone to the control source. A major problem
that has delayed implementation of this control concept is the in-
stability that is caused by feedback of the control signal onto the
reference microphone. To control this, one research area takes the
direction of developmentof sound sources that are intended to gen-
erate sound that propagates in one direction from the control source,
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thus reducingthe feedback.4 Anotherdirectionis to developa model
of the feedback loop in the digital signal processor and subtract the
synthesizedfeedbacksignal from the measuredreferenceto signal.5

A third method to control the instability is to eliminate feedback al-
together by using a nonacousticreference, such as the signal from a
tachometeron an engine operatingat steadystate.6 Utilizationof the
nonacoustic reference is appropriate when the source noise is peri-
odic, such as is generated by a fan, and when the controller needs
only frequency information about the source. The control system
described in this paper uses a nonacoustic reference signal from a
blade passage sensor on the fan.

Active noise control systems have been shown to reduce mul-
tiple harmonic tones of periodic noise generated in a duct by a
loudspeaker.7 Numerous researchers have demonstrated control of
duct-bornesound generatedby fans, either multiple pure tones8, 9 or
broadbandfan noise.5 The results reportedgenerallyshow the noise
reductionat the errormicrophonewhere the cancellationis expected
to be quite effective. Researchers at Virginia Polytechnic Institute
and State University have developed an active control system on
the inlet of a commercial jet engine using a ring of loudspeakersas
the control source.10 The error microphones, which are located in
the acoustic far ® eld for the experiments with this engine, have a
large diaphragm so that the sound is effectively integratedover a ® -
nite space.The result is a broadenedspatialextentof noise reduction
with a slight loss in magnitude. The most signi® cant problem en-
countered in this experiment is the mode spillover due to mismatch
of the mode compositionsof the noise and the control sources.This
mode spillover results in noise ampli® cation at some locationsaway
from the control microphones.

The purpose of the reported experiment is to develop a control
systemutilizingerror sensorslocated in the fan duct. It is felt that the
spatial extent of noise reduction and, more importantly, the mode
spillover effect, can be controlled more effectively with the in-duct
error sensor.

Modal Description of Sound Propagation in Ducts
The following discussion summarizes the sound propagation in

ducts in terms of discrete modes and the mode generation by ro-
tor/stator interaction. A more complete description of fan noise
generation and propagation is given in Appendix A.

A sound wave of radial frequency x propagating in a duct can be
decomposedintocircumferential,radial,andaxialmodes.The radial
wave numbers kmn correspond to the n roots of the radial derivative
of the m-order Bessel function, evaluatedat the duct outer and inner
radii. The sound pressure around the circumference of the duct is
periodic of the form cos(mh ) where m is an integer. Cut-on modes
are those modes for which the sound frequency is high enough that
the sound wave number k = x /c is greater than kmn . Under these
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Fig. 1 Fan noise control experiment layout.

conditions the axial wave number is real and sound propagates.The
plane wave is always present in the duct since it cuts on at 0 Hz.

The tonal parts of the fan noise occur at the blade passage fre-
quency and its harmonics. The relative number of rotor blades and
fan exit guide vanes determine those circumferentialmodes that are
generated at each blade passage frequency harmonic. Only those
circumferentialmodes that result in real axial wave number values
can propagate.11

Experiment Layout
Duct

The experimentalsetupconsistsof a ductwith the followingmajor
elements: in¯ ow control device, control hardware section, an axial
¯ ow fan, and an anechoic termination. The unit is installed in the
laboratory space of the Anechoic Noise Research Facility at NASA
Langley Research Center. The inlet to the fan duct is in the anechoic
chamber, and the remainderof theduct is in the modelassemblyarea
adjacent to the chamber. Figure 1 shows a schematic of the overall
experimentlayout.The anechoicchambervolumeis 482 m3 (17,000
ft3) and the acoustic wedges on ¯ oor, walls, and ceiling are 0.91 m
(3 ft) deep, giving a lower cut-off frequency of approximately 100
Hz. Far-® eld soundmeasurementsare made usinga 12.7-mm ( 1

2
in.)

B&K microphoneon a rotatingboomat a radiusof 1.52 m (5 ft) from
the face of the duct inlet. An in¯ ow control device is installed on
the inlet of the duct.12 The purposeof the in¯ ow control device is to
straighten¯ ow into the duct and to break up turbulent eddies, which
may be ingested into the fan. The in¯ ow control device is designed
to simulate the uniform in¯ ow of forward ¯ ight in a static test.13

Figure 2 is a photograph of the in¯ ow control device on the duct
inlet installed in the anechoic chamber. It also shows the far-® eld
microphone.

The control hardware duct piece contains an array of micro-
phones arranged uniformly around the circumference of the duct
and installed with sensing surfaces ¯ ush with the inside surface of
the duct. The microphones are used as the in-duct error sensors
for the control system. Although up to 48 microphones can be ac-
commodated in the duct, only two are necessary to determine the
plane wave or ® rst-order circumferential modes, and two are used
for the present test series. The microphones are 3.2-mm- ( 1

8
-in.-)

diam electret transducers embedded in a threaded 12.7-mm- ( 1
2
-

in.-) diam canister. As shown in the photograph (Fig. 3), 12 control
drivers are distributed around the duct. Each driver is rated at 120-
W rms. The drivers are attached to the duct by transition horns that
are thick walled to prevent sound transmission.The horns transition
from the round outlet of the driver to the rectangularslot in the duct
wall. The areas of both are the same, and so minimum impedance
mismatch is expected. A thin wire mesh covers the slot on the in-
side surface of the duct to reduce cavity resonance as a source of
noise. The large number of control sources ensures that higher order
modes generated by the discrete number of sources are well above
the cut off and thus do not propagate as uncontrolledmodes.

The fan, whose outer casing is shown in Fig. 3, is designed to
generate noise predominantly by the interaction of the rotor wake

Fig. 2 Fan noise control ductwork: view from inside the anechoic
chamber showing in¯ ow control device and far-® eld microphone.

Fig. 3 Fan noise control ductwork: view from outside the anechoic
chambershowingnoisecontrolhardware, fan,andanechoic termination
duct sections.

with the downstream stator. The fan unit consists of a 16-bladed
rotor with airfoil-shapeblades that are designed to deliver 1.36-kg/s
(3 lb/s) air¯ ow and to produce22.3-N (5-lb) thrust at 4500 rpm. The
fan tip diameter is 30 cm (11.81 in.) with a hub diameter of 15.2 cm
(6 in.). The fan is driven by a 3-HP electric motor, and rotor speeds
up to 6000 rpm can be achieved.The blade passage frequency, thus,
can be up to 1600 Hz. The fan has been designedso that the number
of stator vanes can be varied and the vane spacing always kept
uniform.Predominantlyplane waves are generatedat blade passage
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Fig. 4 Fan noise control system setup.

frequency when the fan is con® gured with 16-stator vanes for the
16-blade rotor, and the ® rst circumferential (spinning) mode will
dominate when 17 vanes are installed with the 16-blade rotor. The
stator vanes are positionedat 0.5 blade chord length downstream of
the rotor to generate a strong rotor/stator tone.

A muf¯ er section is located downstream of the fan, as shown
schematically in Fig. 1 and in the photograph, Fig. 3. This 3.7-m-
(12-ft-) long duct is linedwith perforatedmetal and 50 mm (2 in.) of
sound absorbing material. The muf¯ er reduces fan noise radiation
into the laboratory space and, thus, reduces ¯ anking noise. It also
acts as an anechoic termination for the discharge of the fan.

Control System
The purpose of the control system is to introduce a mirror image

of the fan noise into the duct such that the combined noise from the
fan and the control source is a minimum at the error microphone
location. It is expected that minimizing the noise within the duct
will also reduce the noise radiated from the duct. The control al-
gorithm consists of a four-coef® cient adaptive ® lter, which applies
the weighting factor to the reference signal to generate the control
signal. The purpose of this project is to demonstrate control of the
fan tone noise, so that the reference signal is a tone that is gener-
ated at the blade passage frequency of the fan. A least mean square
(LMS) algorithm updates the weighting coef® cients using the cur-
rent values of the coef® cients and the error, which is the sum of the
fan noise and the control signal at the error sensor. The weight co-
ef® cient vector is an approximation of the optimum Weiner weight
vector. The theory of operationof the control algorithm is discussed
in detail in Appendix B.

Figure 4 shows the schematic diagram of the control system,
which includes the fan and control hardware sections of the duct.
The reference signal for the controller is supplied by a proximity
probe, which gives a pulse at each blade passage. The probe signal
is low-pass ® ltered to remove the harmonics of the blade passage
frequency leaving a tone at the blade passage frequency, which is
input to the computer. The error signal is the combination of the
fan and control noise measured at the error microphones. The sig-
nal is bandpass ® ltered, to remove extraneous noise, and ampli® ed
before passing into the computer. The output from the computer is
the control signal, which is passed through up to 12 channels of
gain/phase network to adjust the magnitude and phase of the signal
to the individual loudspeaker to generate the control signal in the
circumferentialmode for which control is sought.

The controller is a Texas InstrumentsTMS320C30 (C30) ¯ oating
point digital signal processorboard, which is mounted in a personal
computer through the ISA bus. The reference and error signals are
input to the computer by a 16-bit analog-to-digital converter with
a fourth-order ® lter to prevent aliasing. The analog-to-digital con-

verter has 153-kHz throughput. The signal is output through a 16-
bit digital-to-analogconverterwith fourth-order ® lter to reconstruct
and smooth the digital signal produced by the C30. The digital-to-
analog converter has 667-kHz throughput. The whole active, adap-
tive control system is driven at the sampling frequency ( D ) of the
analog-to-digitalconverters.

Results
Table1 shows the fan speedsat which thebladepassagefrequency

tones are expected to cut on in the duct. These cut-on values were
calculatedusing theexpressionsdevelopedin AppendixA with hub-
to-tip ratio of 0.5. The table shows that three circumferentialmodes,
each at the lowest radial order, are expected to be cut on at the blade
passagefrequencywhen the fan is runatmaximumspeed.The values
in the column with heading ka are the wave number normalized by
duct outer radius at which cut on is expected to occur.

Plane Wave Generated in the Duct
A series of tests was run with the active, adaptive noise control

system incorporated into the fan duct system. The number of stator
vanes in the fan is 16 for these tests to excite predominantly plane
waves. The signals from two microphones on opposite circumfer-
ential locations in the duct are added in phase to measure the error.
The 12 control speakers are activated in phase to simulate the plane
wave.

Figure 5 shows the directivity plot of fan noise in the acoustic
far ® eld with the fan operating at 2350 rpm. The blade passage
frequency at this fan speed is 627 Hz, and the normalized wave
number ka is 1.76. This blade passage frequency is near the ® rst
spinning mode cut on. The microphone signal has been ® ltered so
that the directivity plot in Fig. 5 shows the blade passage frequency
tone. When the controller is not activated, the directivity plot shows
sound radiation that is spatially uniform, con® rming the expected
plane wave sound propagation in the duct. When the controller is
activated, the curves in the ® gure indicate that the sound level is
reduced approximately 14 dB in the far ® eld for observer loca-
tions from 0 to 90 deg. This noise reduction was found to be quite
stable throughout the time that it took to complete the directivity
sweep.

The fan was then run at 2800 rpm, which corresponds to blade
passage frequency of 750 Hz, or normalized wave number ka =
2.10. This frequency is well above the ® rst spinning mode cut-on

Table 1 Estimated and measured cut on fan
speed of modes in the 12-in.-diam duct with

50% hub-to-tip ratio

Fan speed, rpm

Mode ka Estimated Measured

1,0 1.355 1855 2300
2,0 2.681 3671 3700
3,0 3.958 5420 4800

Fig. 5 Far-® eld directivity of blade passagefrequency toneat fan speed
2350 rpm, plane wave dominant: ² , control off and j , control on.
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Fig. 6 Far-® eld directivity of blade passagefrequency toneat fan speed
2800 rpm, plane wave dominant: ² , control off and j , control on.

Fig. 7 Sound level spectrum of fan blade passage frequency tone at
in-duct error microphone: ² , control off and j , control on.

frequency for the duct, but it is expected that the spinning mode
would not be cut on strongly in light of the fact that the number of
blades and stators is the same. This is seen in the directivity plots of
the blade passage frequencytones for controloff and control on that
are shown in Fig. 6. The far-® eld sound is not as uniformspatiallyas
it was nearer the mode cut on (Fig. 5). However, the sound de® cit on
the fan axis that is characteristic of the spinning mode dominance
is not found in the radiation pattern in Fig. 6, which indicates plane
wave dominance. When the controller is activated, the sound level
reduction is relatively uniform at 2 dB in the acoustic far ® eld at
locations from the fan axis to 90 deg. The far-® eld noise reduction,
while stable and spatiallyuniform, is much less than it is when blade
passage frequency is closer to the spinning mode cut on.

The performance of the controller as a function of frequency is
indicated in Fig. 7. This plot was generated by operating the fan
at speeds ranging from 500 to 6000 rpm and comparing the blade
passage frequencytones at one of the error microphonesfor control
off with control on at each speed. The control-off spectrum for the
in-duct error microphone shows a general trend in sound level to
go up with engine speed punctuated by increases at 2300, 3700,
and 4800 rpm. The increases are due to standing waves in the duct,
which are indicative of mode cut on. Comparison of these observed
cut-on frequencies with the estimated cut-on frequencies in Table
1 indicates that the second and third circumferential modes show
fairly good agreement. The observed ® rst mode cut-on 2300-rpm
speed is considerablyhigher than the estimated speed, and is close
to the cut-on speed that would occur with no centerbodycorrection
(2518 rpm).

When the controller is activated, the system reaches steady state
with the error microphone signal decreased at all operating speeds.
The noise reduction is from 3 dB to as much as 27 dB at the error
microphone.

Figure 8 shows the spectral noise reduction achieved in the far
® eld on the axis of the duct. When the control is off, the far-® eld
spectrum is smoother than it is in the duct, showing that the duct

Fig. 8 Sound level spectrum of fan blade passage frequency tone at
far-® eld microphone ® xed on the duct axis, µ = 0 deg: ² , control off
and j , control on.

Fig.9 Comparisonof fanbladepassagefrequency tone to simulationin
the far ® eld, fan speed at 2800rpm, m = 1 mode dominant:±, simulation
and ² , the fan tone.

standingwaves are not propagatedinto the far ® eld. Noise reduction
is obtained with the controller at all operating speeds except in the
vicinity of those fan speeds at which the in-duct error microphones
registered standing waves in the duct. Comparison of Figs. 7 and 8
shows that the noise reduction in the far ® eld is generally less than
that indicated by the in-duct error microphones. In fact, the error
microphone signal indicates noise reduction at the critical speeds
at which the sound level in the far ® eld is either not affected or is
increased.

Spinning Mode Generated in the Duct

A test series was run in which 17 fan exit guide vanesare installed
into the fan duct, while the rotor blade count of 16 is retained. It is
expected that the difference in the number of vanes and rotor blades
will cause the m = 1 spinningmode to be excited.The outputs from
two microphonesmounted on opposite circumferential locations in
the duct are added out-of-phase to give the error signal. The out-of-
phase addition eliminatesany plane wave residual in the signal.The
phase of the signal to each of the 12 control loudspeakers is shifted
by 30 deg relative to the previousdriver to simulate the m = 1 mode.

The fan was operated at 2800 rpm, the speed that produces nor-
malized wave number ka = 2.10. This is above the ® rst spinning
mode cut on, and it is expected that the m = 1 spinning mode will
be excited into dominance. This is shown in the far-® eld radiation
pattern, the lower curve in Fig. 9. The de® cit on the fan axis is in-
dicative of a circumferentialmode. The peak of the directivity lobe
occurs at approximately 45 deg from the fan axis. The location of
the directivity pattern peak W is estimated from14

sin W = 1/ f

where f is the cutoff ratio = ka/ (ka)cutoff. The peak is estimated to
be at W = 40.2 deg.
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Fig. 10 Far-® eld directivity of blade passage frequency tone at fan
speed 2800rpm, m = 1 mode dominant: ² , control off and j , control on.

The upper curve in Fig. 9 shows directivity of the experimental
simulation produced by the control drivers at 750 Hz. The far-® eld
radiation pattern generated by the control drivers is seen to be com-
parable to the fan noise radiation.

The result of activatingthe control systemis shown in Fig. 10.The
spinning mode is virtually eliminated, leaving a radiation pattern
that suggests a plane wave. This is reasonable because the plane
wave is always generated by the fan and the control system is not
programmed to reduce it.

Conclusions
The experimentsdiscussedhave veri® ed that time domain active,

adaptive control is applicable to reduction of fan noise in a duct.
The control system has been applied to tones that are generated at
the blade passage frequency. The controller is stable over a range
of frequencies in which plane waves and higher-order duct modes
can propagate. The system utilizes in-duct error sensing, which is
shown to provide global noise reduction in the acoustic far ® eld.

The system is most effective when the mode structures of the
noise source and of the control source are the same. When the fan is
con® gured with equal numbers of rotor blades and stator vanes, and
the control drivers are con® gured to generate plane waves, far-® eld
noise reduction is greatest below cut on of higher-ordermodes. The
presenceof higher-ordermodes,even thoughtheplanewave is dom-
inant, compromisesnoise reductionperformance.When the number
of stator vanes and rotor blades differs by 1, and the control drivers
are programmed to generate the m = 1 mode, the control system
reduces the ® rst spinning mode, leaving the plane wave component,
which is still generated by the rotor/stator interaction. The in-duct
error sensor produces a stable control signal, which does not excite
uncontrolledhigher-ordermodes.

Generally, the noise reduction measured by the in-duct error sen-
sors is greater than the noise reduction in the far ® eld. Fan operating
conditions were found at which the in-duct error sensor indicated
noise reductionbut no noise reductionwas measured in the far ® eld.
In some instances the sound in the far ® eld was increased with the
control system activated, even though the control system stabilized
at signi® cant noise reduction at the error microphone.These condi-
tions occurred when standing waves were present in the duct. This
condition is felt to be due to the fact that the control system is reduc-
ing the (dominant) standingwave componentof the sound while not
affecting the propagatingcomponent. The discrepancybetween the
in-duct error sensor performance indication and the far-® eld noise
reduction is the subject of continued research.

Appendix A: Sound Propagation in Ducts and Sound
Generation by Rotor/Stator Interaction

The homogeneouswave equationfor soundpressureof frequency
x traveling in a cylindrical duct in quiescent medium is solved to
de® ne the natural frequencies and mode shapes,
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where

k = x /c
c = speed of sound
r = radial coordinate
z = axial coordinate
h = circumferentialcoordinate

The solution of the wave equation has the general form

p(r, h , z) = ei kz z Am f Jm(kmnr) + i Qm Ym(kmnr) g cos(mh ) (A2)

The circumferential term cos(mh ) satis® es the boundary condi-
tion that the sound pressure at angle h must be the same as the
sound pressure at h + 2 p . The coef® cient m de® nes the order of the
circumferential or spinning mode.

The radial term consistsof Bessel functionsof the ® rst and second
kind. The radial wave numbers kmn are evaluated from the n zeros
of the derivatives of the Bessel functions associated with the mth
circumferentialmode. The terms come from the boundarycondition
of zero radialvelocityat the duct outerwall and inner hub.The radial
velocity is proportional to the radial derivative of the pressure, so
that

vr (rout, h , z) = 0 ) ( @Jm

@r
+ Qm

@Ym

@r )
ê
ê
ê
ê r = rout

= 0 (A3a)

and

vr (rin , h , z) = 0 ) ( @Jm

@r
+ Qm

@Ym

@r )
ê
ê
ê
ê r = rin

= 0 (A3b)

Expressions (A3a) and (A3b) are solved simultaneously for the
roots, kmn , and the shape factor term Qm .

The axial wave number is evaluated from the relationship

kz = Ï k2 ¡ k2
mn (A4)

When the sound frequency is high enough that the wave number
k is greater than the wave number of the nth radial mode associated
with the mth circumferentialmode, kz is real and sound propagates.
The m, n mode, thus, is said to be cut on. For low frequencies such
that k < kmn , kz is imaginary.The argument of the exponential term
in Eq. (A2) is real and negative indicating that the sound pressure
decays as it moves down the duct. The modes for which k < kmn

are said to be cut off.
Table 1 shows the cut-on wave numbers for modes in the 12-in.-

diam duct. The number of modes that can propagate in the duct
at the blade passage frequency is three for fan speeds up to the
maximum of 6000 rpm. The cut-on frequenciesare calculated from
simultaneous solution of Eqs. (A3a) and (A3b), using hub-to-tip
ratio, rin/ rout, of 0.5. The wave numbers in the table are normalized
by the duct outer radius rout = a.

The tonal part of the fan noise is generated by the impingement
of the vortices shed from the rotor on the downstreamfan exit guide
vanes. These tones occur at the blade passage frequency and its
harmonics. When the frequency is high enough that the wave can
propagate, the fan tones travel in spinning modes de® ned from the
relationship11

m = nh B + kV (A5)

where

nh = harmonic number
B = number of blades
V = number of fan exit guide vanes
k = any positive or negative integer, including zero

Although an in® nite number of circumferential modes can be
generated by rotor/stator interaction, only those modes for which
the axial wave number is real, from Eq. (A4), will propagate.When
the number of blades and the number of vanes is the same, the
plane wave m = 0 is most strongly excited. When the difference in
the number of blades and vanes is 1, the ® rst spinning mode will
dominate at frequencies above the m = 1 cut on. The spinning
mode is characterized by a sound radiation de® cit on the fan axis.
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The sound is in a lobe, which radiates perpendicularto the duct axis
when the mode is ® rst cut on and progresses toward the duct axis as
the frequency increases.15

Appendix B: Control Theory
This section discusses the general theoretical development of

the LMS algorithm and the adaptive ® lter. The generalized con-
trol system consists of a plant in which some measurable con-
tinuous signal s is the input and the output is a disturbance sig-
nal d. The control system generates a discretized signal yk , which
combines with the disturbance to produce an error e . It is the pur-
pose of the control system to generate the signal that minimizes the
error.

The continuous signal s is sampled at discrete time intervals D
in the digital computer and collected into a vector Xk of length n,

Xk =

ìïïïï
í
ïïïïî

xk

xk ¡ 1

...

xk ¡ n + 1

üïïïï
ý
ïïïïþ

(B1)

The element xk is the digitized sample of s taken at the present
time. The element xk ¡ 1 is the digitized sample of s taken on the
previous loop, D in the past, and so on to xk ¡ n + 1, which is the
digitized sample of s taken (n ¡ 1) ¤ D in the past. The vector Xk is
constantlyupdatedon each loop with the oldest value discardedand
the newest value put in the top of the array. The scalar output of the
adaptive ® lter is obtained from

yk =
n ¡ 1

Sl = 0

wl xk ¡ l = WT Xk (B2)

where

WT = transpose of the vector W
W = vector of weighting coef® cients

W =

ìïïïï
í
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w0

w1

...

wn ¡ 1

üïïïï
ý
ïïïïþ

The error at time tk is the combinationof the disturbanceand the
® lter output

e = d ¡ WT Xk (B3)

The mean square error e 2 is minimized by setting to zero the
derivative of the expectation of the mean square error with respect
to the weighting vector.16 The LMS algorithm is intended to ap-
proximate the optimum solution in real time, using the method of
steepest descent. The weight function for the current loop through
the controllerW j is updatedusing the weight function from the pre-
vious pass through the loop W j ¡ 1 plus a change proportional to the
negative gradient of the mean square error r j

r j =

ìïïïïïï
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where e k is the current value of the digitized sample of the error.

The slope of the error curve is evaluated from expression (B3):
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ý
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= Xk (B5)

The weighting vector is updated in the LMS algorithm according
to the expression

W j = W j ¡ 1 ¡ 2 l r j

= W j ¡ 1 ¡ 2 l e k Xk (B6)

where l is the user-de® ned adaptation constant.
The algorithm will converge in the mean and will be stable as

long as the adaptation constant l is positive and less than the re-
ciprocal of the largest eigenvalue of the matrix formed from the
product of the vector Xk and its transpose.16 The speed with which
the algorithm converges is dependent on the adaptation coef® cient,
and the convergence is greatest for the largest value of l that does
not violate the maximum value criterion. The expected value of
the weight vector in expression (B6) converges to the optimum
Weiner weight vector when the input vectors are uncorrelatedover
time.
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